We use the recently found matrix description of noncritical superstring theory of Type 0A to compute tachyon scattering amplitudes in a background with a RR flux. We find that after the string coupling is multiplicatively renormalized, the amplitudes in any genus become polynomial in the RR flux. We propose that in the limit where both the string coupling and the RR flux go to infinity, the theory has a weakly-coupled description in terms of another superstring theory with a vanishingly small RR flux. This duality exchanges the inverse string coupling and the 0-brane charge. The dual superstring theory must have a peculiar property that its only field-theoretic degree of freedom is a massless RR scalar.
Introduction
Understanding superstring theory in a Ramond-Ramond background is a long-standing problem. In the NSR formalism, Ramond-Ramond vertex operators are twist operators for world-sheet fields, and it is far from clear what "exponentiating" them means. An additional problem is that insertions of RR vertex operators makes the supercurrent multi-valued, which seems to imply that the world-sheet theory of a RR background is not superconformal. On the other hand, the Green-Schwarz (GS) formalism is manageable only in the light-cone gauge, and this puts serious limitations on the kinds of backgrounds one can study. A variety of approaches to this problem have been studied in the literature; for recent progress see [1, 2, 3, 4] and references therein.
Noncritical superstrings are an interesting laboratory for studying RR backgrounds, because one can hope to find simple RR backgrounds which lead to an integrable theory. Recently, one such background has been constructed, and the corresponding large-N matrix description has been identified [5] (see also Ref. [6] ). It is aĉ = 1 superstring of Type 0A with a RR 2-form field-strength F (2) turned on. The F -flux m measures the 0-brane charge and is quantized. The dual matrix model is proposed to be a gauged matrix model with gauge group U(N) × U(N + m) and a single complex matter field t transforming in the bi-fundamental representation. In the double-scaling limit the potential can be taken to be
This theory is equivalent to a theory of free fermions on a plane, all of which have angular momentum m, and moving in an external potential
Since the angular momentum is fixed, each fermion can be regarded as moving on a half-line r ≥ 0 in an effective potential
For m = 0 the condition that the wave-function is square-integrable on a plane and non-singular at the origin is equivalent to the condition that the wave-function on the half-line be square-integrable. For m = 0 there is an additional condition: the limit lim r→0 ψ(r) √ r must be finite. Type 0A superstring is recovered in the limit where the Planck constant and the Fermi-level go to zero, with their ratio fixed. Once the problem is reduced to free fermions on a half-line moving in an external potential, we can use the methods of Ref. [7] to compute nonperturbative scattering amplitudes for "tachyons". The only ingredient needed is the reflection amplitude for the particular potential we are considering. In fact, the potential of the above kind has already been considered in the string literature in connection with the so-called deformed matrix model [8] , and the reflection factor has been computed [9] . The deformed matrix model is a matrix quantum mechanics with the potential
where X is a Hermitian matrix, and M is a real number. It obviously reduces to free fermions on a half-line in an external potential Eq. (1), provided we set M = m 2 − . So all we have to do to compute scattering amplitudes in a noncritical RR background is to put together [7] and [9] .
Weak-field scattering amplitudes
Genus expansion in string theory corresponds to expansion of the free fermion correlators in powers of 1/µ 2 , where µ is the Fermi-level. We must also decide how the parameter m scales with µ. In this section we keep m fixed, while in the next section we will let m = f µ. To understand better the meaning of these two scalings, recall that the most natural normalization for the RR fields is such that their kinetic term in the low-energy action is independent of the dilaton. With this normalization, the Bianchi identity for a RR fieldstrength F takes the usual form dF = 0, and the F -flux is quantized. We will call this "target-space normalization." String perturbation theory, on the other hand, prefers a differently normalized field-strength F ′ , which has the property that its kinetic term has the usual factor e −2Φ , where Φ is the dilaton [10] . We will call this "world-sheet normalization." The field F ′ satisfies a modified Bianchi identity
The corresponding RR potentials are related by
The parameter m is the flux of F .Keeping it fixed in the limit g st ∼ µ −1 → 0 means that F ′ is of order g st . Therefore we will call this the weak-field regime. In this regime at any order in g st we need to take into account only a finite number of insertions of RR vertex operators, i.e. the RR flux is treated perturbatively. On the other hand, if f = m/µ is kept fixed, then F ′ is of order 1, and already at tree level one has to allow arbitrary number of RR insertions. This will be referred to as the strong-field regime.
The double-scaled effective potential for fermions on a half-line is
The corresponding Euclidean reflection amplitude is [9] :
Here µ is the Fermi level and q is the Euclidean momentum. We also omitted an unimportant q-independent phase. The perturbative limit corresponds to µ → ∞, and one identifies g st ∼ µ −1 . The reflection factor is invariant with respect to m → −m. In the rest of the paper we assume that m ≥ 0.
The rules for computing non-perturbative scattering amplitudes for the collective field are the same as in Ref. [7] . For example, the 2-point function and 3-point function are given by
where q = q 1 + q 2 , and q, q 1 , q 2 are all positive. For the 4-point function there are several distinct kinematical configurations which correspond to different expressions. For example, if q 1 , q 2 , q 3 > 0 and q 4 = −q < 0, we have
Expanding the reflection amplitude in powers of 1/µ, we obtain the genus expansion for the tachyon scattering amplitudes.
1 The 2-point function up to order 1/µ 4 is given by
The 3-point function up to 1-loop order is given by
The tree-level 4-point function is given by
We do not give here a somewhat lengthy expression for the contribution to the 4-point function of relative order 1/µ 2 , but remark that it is polynomial in momenta and quadratic in m. We also checked that the leading contribution to the 5-point function in a particular kinematic configuration (4 → 1 scattering) is independent of m.
1 Scattering amplitudes computed using continuum methods differ from the collective field scattering amplitudes by so-called leg factors which depend on momenta [11] . To bring continuum results in agreement with the matrix model, one has to absorb these factors into the tachyon vertex operators. This means that the tachyon field and the collective field of the matrix model are related by a linear but non-local transformation. In this paper we always assume that such a redefinition of the tachyon vertex operators has been performed.
Recall that noncritical superstring scattering amplitudes in the absence of RR flux differ from their critical counterparts in at least two major ways. First, they are not analytic, or even differentiable, functions of momenta. Instead, the phase space (i.e. the space of momenta) is divided into "wedges", and the scattering amplitudes are given by different analytic expressions in each wedge. Second, these analytic expressions are polynomials in momenta. From the above formulas we see that turning on the RR flux preserves these qualitative features of the scattering amplitudes. Note also that at any order in 1/µ expansion the dependence on m is polynomial, and leading-order expressions are independent of m. As discussed above, this agrees with the identification of m as the flux of the RR field F .
Strong-field scattering amplitudes
We now set m = f µ and re-expand the scattering amplitudes in powers of 1/µ. Apriori, one could expect arbitrarily complicated powers of f and momenta at any order in 1/µ expansion. We will see below that this does not happen. The dependence on momenta remains polynomial, and, even more surprisingly, the dependence on the RR flux is very simple as well. Namely, apart from a multiplicative renormalization of the string coupling by a function of f , the dependence on f is polynomial.
Let us now present the scattering amplitudes in the strong-field regime. The 2-point function up to 2-loop order is given by
The tree-level 4-point function in the kinematic configuration corresponding to 3 → 1 scattering is given by
We remind that q = q 1 + q 2 + q 3 = −q 4 . From the above formulas we see that after multiplicative renormalization
the scattering amplitudes at each order in 1/μ expansion become polynomials in f . The degree of the polynomial grows with the order of the genus expansion. By examining the reflection amplitude R q , one can show that these properties hold for arbitrary n-point functions and to all orders in 1/µ expansion. We also note that tree level 2-and 3-point functions do not depend on f at all, ifμ is kept fixed. But higher-point functions at tree level do depend on f even after renormalization of the string coupling. These simple results looks mysterious from the viewpoint of world-sheet theory.
A peculiar duality
The free-fermion theory with the potential Eq.(1) admits another scaling limit, where µ is kept fixed and m is taken to infinity. This was first noted in the context of the deformed matrix model [8] . The idea behind this limit is the following. The usual double-scaling limit is based on the fact that correlation functions are singular (non-analytic) at the point where the Fermi energy coincides with the top of the quadratic potential. Finite Fermi energy µ regularizes this singularity. One can also regularize the singularity by adding 1/r 2 piece to the potential. The new double-scaling limit is obtained by letting the coefficient M in front of the 1/r 2 term to be large and performing 1/M expansion. The Fermi level µ can be arbitrary; one can even set it to zero. Qualitatively, this scaling limit looks very much like the usual one, so one may hypothesize that it corresponds to some noncritical string theory. The role of string coupling is played by M −1/2 . Attempts to identify this string theory have been unsuccessful so far. 2 Various scattering amplitudes have been computed in Refs. [8, 12, 13, 9] .
In this section we make some observation which may point to the correct string theory for this scaling limit. From the point of view of the Type 0A theory, the limit µ = const, m → ∞ is a limit where the RR flux (in the target-space normalization) is taken to infinity with the string coupling g st ∼ µ −1 fixed. In fact, one can even set µ = 0, and the limit m → ∞ is still well-defined. It is natural to assume that the dual theory is again a superstring theory. Further, the only field-theoretic degree of freedom is still the Fermi-level (i.e. the collective field), so we must be dealing with a superstring in d = 1.
Note that the µ and m enter the reflection amplitude Eq. (2) in a similar way. Since in the limit m → ∞ the parameter 1/m becomes the dual string coupling, it is reasonable to suspect that in this limit µ becomes the dual RR flux m ′ (in the target-space normalization). If we define g
′ , then the relation between the parameters of the two dual descriptions is
In particular, the dual string background with f ′ = 0 and finite string coupling corresponds to the limit g st → ∞, f → ∞ with g st /f kept fixed. We will see below that scattering amplitudes written in terms of g ′ st and f ′ have the structure consistent with their interpretation as the dual string coupling and the dual RR flux (in the world-sheet normalization). Note that the transformation Eq. (11) is reminiscent of T-duality along a circle, where the role of radius is played by the RR flux f .
The authors of Ref. [5] proposed to study a related limit
From our perspective, this is the zero-coupling/strong-field regime of the dual theory, i.e. one takes the dual string coupling g ′ st to zero while keeping the dual RR flux f ′ fixed. The interpretation of µ as the RR flux in the dual theory explains the following interesting observation about the deformed matrix model made in Refs. [8, 9] . If one sets µ = 0, then all n-point functions in the deformed matrix model with odd n vanish (to all orders in 1/m expansion). It is easy to check that for µ = 0 n-point functions with odd n are odd functions of µ, while n-point functions with even n are even functions of µ. For example, the 2-point function up to 2-loop order is
while the 3-point function up to 1-loop order is
Let us also write down the leading-order 4-point function:
Note that the leading term in the 3-point function scales as µm −2 . Since we interpreted m −1 as g ′ st , this seems like a wrong scaling for a 3-point function on a sphere. However, if we recall that µ also scales with m, µ = f ′ m, we see that the leading piece is, in fact, of order g ′ st . The 4-point function is of order g ′2 st , as expected, and is an even function of µ. These properties of the amplitudes can be summarized by saying that the system admits a Z 2 symmetry which reverses the signs of both µ and the collective field. If µ is interpreted as a RR flux, it is tempting to identify this Z 2 symmetry as (−1)
F L , where F L is the left-moving target-space fermion number. Then the collective field must be a RR scalar. Thus we get the following important hint about the dual superstring theory: its only fieldtheoretic degree of freedom is a massless RR scalar, while the usual NS-NS "tachyon" is absent.
So far our only evidence that the limit m → ∞ is described by a dual weakly-coupled superstring theory has been the structure of scattering amplitudes for the collective field. Namely, the formulas for the n-point functions in this limit look similar to those in the weak-coupling limit µ → ∞, if we exchange m and µ. Another interesting test is to compactify the Euclidean time on a circle and check if the matrix-model partition function enjoys T-duality. Since µ is supposed to be the dual RR flux, we expect to get a self-dual theory only for µ = 0. Properties of the deformed matrix model partition function for µ = 0 have been discussed in Refs. [12] and [14] . In Ref. [12] it was found that fixed-genus partition functions do not behave nicely under T-duality. In that paper it was assumed that the genus-counting parameter is M −1 , which is related to our m by
However, it was noticed in Ref. [14] that if one takes
as the genus-counting parameter, then T-duality is restored. This observation provides support for our conjecture that the limit m → ∞ is described by a weakly-coupled superstring theory with string coupling g ′ st ∼ m −1 .
Discussion
We have computed collective-field scattering amplitudes in the noncritical Type 0A superstring theory with Ramond-Ramond flux. Weak-field expansion of the amplitudes is in agreement with expectations from string perturbation theory. Unexpectedly, scattering amplitudes at large RR flux and fixed genus turned out to have a very simple structure: after a multiplicative renormalization of the string coupling by a simple function of the flux f = mg st , all amplitudes are polynomial in f . It would interesting to understand this behavior from a world-sheet point of view. We also argued that in the limit f → ∞, g st → ∞ with g st /f fixed there is a weakly-coupled description in terms of another superstring theory with zero RR flux. More generally, the relation between the parameters of the original and dual string theories is given by Eq. (11). The dual theory has the property that its only field-theoretic degree of freedom is a massless RR scalar.
Let us make a few comments about the world-sheet description of the dual superstring theory. It must be a superstring theory in 1 + 1 dimensions with a time-translation invariance. The only known background of this kind is the N = 1 Liouville theory coupled toĉ = 1 matter. Therefore the simplest guess for the dual world-sheet theory is some projection of the standard c = 1 background. The super-Liouville interaction precludes any chiral GSO projection. The non-chiral GSO projection gives the two Type 0 theories discussed in Refs. [5, 6] . Are there any other consistent projections? The nonchiral GSO projection is equivalent to summing over all spin structures on the world-sheet. One could try instead to keep only the trivial spin structure. Note that the torus partition function of such a theory does not vanish in 1+1 dimensions, because fermionic zero modes are canceled by the zero modes of the superconformal ghosts [5] . What is the spectrum of this theory? The prescription to include only the periodic spin structure means that the torus partition function is
where the sum is over RR states of both G-parities. This means that the Hilbert space contains the following sectors:
(R+, R+), (R−, R−), (R+, R−), (R−, R+).
This is a union of RR sectors of 0B and 0A theories. At the level of the partition function, there is no obvious conflict with unitarity, since the sector with negative G-parity does not contain any propagating states. The only propagating state is a RR scalar, which has positive G-parity and enters the partition function with a positive weight. Thus we seem to get the right spectrum in this way. However, the prescription of keeping only RR states is not compatible with a unitary S-matrix. It is known that there is a non-zero amplitude for two RR quanta to scatter into a single tachyon [11] , thus a projection which keeps only RR states will not give a unitary S-matrix. Of course, the S-matrix for the deformed matrix model is unitary. It is easy to see that upon analytic continuation to Minkowski space the 4-point scattering amplitude Eq. (14) is purely real, and does not require any intermediate states like the tachyon. This contrasts sharply with the scattering amplitude of four RR quanta in the usualĉ = 1 background, which has an imaginary part [11] . We conclude that a simple projection of theĉ = 1 background cannot reproduce the S-matrix of the deformed matrix model, and one must look for more exotic possibilities.
